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A cantilevered column subjected to a tangential follower force has been referred to
as Beck's column, since the critical force for the column was "rst found by Beck [1]
in 1952. However, his result and its related topics have not been appreciated by
structural engineers. For example, Timoshenko [2] comments on Beck's result that
&&no de"nite conclusion can be made (as yet) regarding the practical value of this
result, since no method has been devised for applying a tangential force to a column
during bending''. Admiringly, even now, there is a group of scientists who do not
believe in the reality of tangential follower forces [3].

The origin of a follower force can be found in an end rocket thrust applied to
#exible missiles and spacecraft. In this sense a follower force is a very realistic force
in the "eld of aerospace structures engineering. Free}free beams under a follower
force have been intensively studied by many authors [4, 5]. If we assume the origin
of "xed co-ordinates to the free}free beam at its tip end as shown in Figure 1, then
we can have a cantilevered beam subjected to a tangential follower force at its tip
end. The beam on the new "xed co-ordinates is referred to as Beck's column. Thus,
it is seen that Beck's column is a simpli"ed version of the free}free beams under
a follower force, though the column is not the exact model of the actual structures.
The actual #exible structures have variable mass, sti!ness and axial compressive
stress distributions, while the column model has the corresponding uniform
distributions. It is however emphasized that Beck's column keeps basically the
same fundamental stability/bending #utter characteristics as the corresponding
free}free beams. In order to clarify the dynamic stability of free}free beams, it is
a sharp way to work on Beck's column in place of free}free beams, since the
experimental veri"cation can be done on the cantilevered column, while it is very
di$cult to do so on the free}free beams.
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Figure 1. Modeling of a #exible structure under an end rocket thrust.
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Beck's column and modi"ed Beck's columns have been investigated by a vast
body of researchers. The "rst review of this branch of applied mechanics has been
made in a book form by Bolotin [6]. So far a lot of interesting results on the e!ect of
follower forces have been drawn through analytical studies based on some
mathematical models. However, it has been the case that some of the results are
confusing because the mathematical models on which the results were brought are
greatly and sometimes unduly simpli"ed [7]. Hence, it has been suggested by
several authors [8] that the stability problems of non-conservative systems should
be studied in connection with the corresponding engineering practice and that
theoretical results on non-conservative systems must be checked by experiments.

As to the experimental demonstrations of non-conservative systems, Herrmann
and his colleagues [9] made the "rst systematic demonstrations of the system. First
review of the experimental studies on instability of elastic systems subjected to
non-conservative forces was reported by Sugiyama and Sekiya [10]. However,
because of the recent fashion of computer-oriented way of having many papers, to
one's credit, a thorough experimental study of the tangential follower force problem
has not been conducted.

Under these circumstances, the intended aim of this letter is to show the scientists
who do not believe in the reality of follower forces, the recent advances of
non-conservative stability problems. Most importantly, this letter would "rst of all
like to show them the experimental demonstrations of dynamic stability of
cantilevered columns subjected to a follower force. The key idea to realize
a follower force is to mount a real small-sized solid rocket motor to a cantilevered
column as its tip end. Thus, a follower force can be realized as a rocket thrust
applied to the cantilevered column. Three experiments have been reported by
Sugiyama and his collaborators [11}13]. The "rst experiment was aimed at
showing experimental demonstration of the #utter caused by a rocket thrust [11].
The second was to verify the quantitative theoretical prediction of #utter force [12].
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The third was to demonstrate the stabilizing e!ect of the follower thrust on the
dynamics of a vertical cantilevered column [13].

These experimental models have implied that in place of Beck's column
a cantilevered column having a rigid body at its tip may be considered as a more
realistic/standard non-conservative model [14]. It has been found so far that if the
optimum shape of Beck's column for the maximum #utter force is searched, the
#utter force of the optimized column can be nearly 9 times the force of the original
Beck's column [15]. The former seems unrealistic. On the other hand, if the shape
optimization of the Beck-type column having a tip rigid body, i.e., a more realistic
non-conservative model, is conducted, a moderate and reasonable maximum #utter
force is found [16].

As to the reality of a follower force by itself, it is better left unsaid. However, for
scientists who cannot believe in the concept of follower force, it is worthwhile to
mention the cantilevered pipe conveying #uid [17, 18]. Momentum #ux discharged
from the free end of the pipe makes a follower thrust. Even the experiment of #utter
caused by a follower force can be conducted easily at a swimming pool when a long
hose from a tap is immersed in water and the tap is opened full to supply water to the
pool. The long hose can dance in the pool to show #utter motion due to a follower force.

One of the interesting topics in non-conservative stability problems has been the
destabilizing e!ect of damping [6]. It is noted that this e!ect has not been veri"ed
experimentally. The destabilizing e!ect is obtained when the asymptotic stability
condition is applied to non-conservative systems. The asymptotic stability
condition implies that the dynamical system is unstable if the amplitude of the
disturbed motion of the system becomes in"nite as the time goes to in"nity.
However, it is of vital importance to watch the behavior of complex eigenvalues in
case of the destabilizing e!ect of damping. It is found that the most dangerous
eigenvalue mostly runs parallel to the imaginary axis. The growth-rate of the
amplitude of the motion is thus very small indeed. Mathematically, the asymptotic
stability criterion gives the theoretical #utter limit. However in practice, a follower
force caused by a rocket motor can act upon elastic structures only for a "nite time
interval. In the latter case, the theoretical #utter limit obtained by neglecting
damping can predict the experimental #utter limit [11, 12].

Finally, it is also worthwhile to note that the follower force is not caused only by
jet or rocket thrust. Considering automobile disk brakes, for example, the
&&squeezing'' force acting on the rotating disk is again a non-conservative follower
force. This force is caused by dry friction and the squeal is a #utter-type instability.
The onset of brake squeal is completely equivalent to the passage through the
stability boundary in Beck's column [19, 20].

It is now obvious that the concept of follower force is very important not only in
aerospace engineering, but also in automobile engineering, and certainly also in the
area of #uid}structures interaction technologies.

REFERENCES

1. M. BECK 1952 ZAMM 3, 225}228. Die Knicklast des einseitig eingespannten, tangential
gedruK ckten Stabes.



782 LETTERS TO THE EDITOR
2. S. P. TIMOSHENKO and J. M. GERE 1961 ¹heory of Elastic Stability. New York:
McGraw-Hill Book Co.

3. W. T. KOITER 1996 Journal of Sound and <ibration 194, 636}638. Unrealistic follower
forces.

4. T. R. BEAL 1965 AIAA Journal 3, 486}494. Dynamic stability of a #exible missile under
the constant and pulsating thrust.

5. K. A. MLADENOV and Y. SUGIYAMA 1997 Journal of Sound and <ibration 199, 1}15.
Stability of a jointed free}free beam under end rocket thrust.

6. V. V. BOLOTIN 1963 Nonconservative Problems of the ¹heory of Elastic Stability. New
York: Pergamon Press.

7. Y. SUGIYAMA, K. KASHIMA and H. KAWAGOE 1976 Journal of Sound and <ibration 45,
237}247. On an unduly simpli"ed model in the non-conservative problem of elastic
stability.

8. Y. SUGIYAMA 1987 ESP24 87035, 24th Annual ¹echnical Meeting, Society of Engineering
Sciences, ;niversity of ;tah, Salt ¸ake City, ;SA, Experiment on nonconservative
problem of elastic stability.

9. G. HERRMANN, S. NEMAT-NASSER and S. N. PRASAD 1966 ¹echnical Report No. 66-4,
Department of Civil Engineering, Structural Mechanics ¸aboratory, Northwestern
;niversity. Models demonstrating instability of nonconservative mechanical systems.

10. Y. SUGIYAMA and T. SEKIYA 1971 Journal of the Japan Society for Aeronautical and Space
Sciences 19, 61}68. Surveys of the experimental studies of instability of the elastic
systems subjected to nonconservative forces (in Japanese).

11. Y. SUGIYAMA, K. KATAYAMA and S. KINOI 1995 Journal of Aerospace Engineering, ASCE
8, 9}15. Flutter of cantilevered column under rocket thrust.

12. Y. SUGIYAMA, J. MATSUIKE B.-J. RYU, K. KATAYAMA, S. KINOI and N. ENOMOTO 1995
AIAA Journal 33, 499}503, 1996 AIAA Journal 34, 212. E!ect of concentrated mass on
stability of cantilevers under rocket thrust.

13. Y. SUGIYAMA, K. KATAYAMA, K. KIRIYAMA and B.-J. RYU Journal of Sound and<ibration.
Experimental veri"cation of dynamic stability of vertical cantilevered columns
subjected to a sub-tangential force (submitted).

14. B.-J. RYU, K. KATAYAMA and Y. SUGIYAMA 1998 Computers and Structures 68, 499}512.
Dynamic stability of Timoshenko columns subjected to subtangential forces.

15. U. T. RINGERZT 1994 Structural Optimization 8, 120}124. On the design of Beck's
column.

16. M. A. LANGTHJEM and Y. SUGIYAMA, Journal of Sound and <ibration. Optimum shape
design against #utter of a cantilevered column with an end-mass of "nite size subjected
to a nonconservative load (accepted).

17. Y. SUGIYAMA, Y. TANAKA,K. KISHI and H. KAWAGOE 1985 Journal of Sound and<ibration
100, 257}270. E!ect of a spring support on the stability of pipes conveying #uid.

18. Y. SUGIYAMA, T. KATAYAMA, E. KANKI, M. CHIBA, K. SHIRAKI and K. FUJITA 1996 JSME
International Journal 39, 57}65. Stability of vertical #uid-conveying pipes having the
lower end immersed in #uid.

19. M. NISHIWAKI 1993 Proceedings of the Institution of Mechanical Engineers 207, 195}202.
Generalized theory of brake noise.

20. J. E. MOTTERSHEAD and S. N. CHAN 1995 ¹ransactions of the ASME, Journal of
<ibration and Acoustics 117, 161}163. Flutter instability of circular discs with frictional
follower loads.


	Figure 1
	REFERENCES

